Abstract. Roy P. Kerr has discovered his celebrated metric 45 years ago, yet the problem to find a generalization of the Schwarzschild metric for a rotating mass was
Introduction
The old Prussian Academy of Sciences in Berlin was certainly a good place after the Second World War to continue the research of its most prominent former member, Albert Einstein. Here Einstein had worked nineteen years and created his beautiful theory of gravitation. Here several attempts had been undertaken to test the theory: Einstein's young coworker, the astronomer Erwin Finley Freundlich, had tried to see (with little success) gravitational redshift effects in astronomical objects like the Sun. Freundlich was also active in several campaigns to observe Solar eclipses with the aim to verify the predicted displacement of stars seen near the Sun. And here Karl Schwarzschild, the director of the Astrophysical Observatory at Potsdam, a town at the outskirts of Berlin, had published in 1916 the first exact solution of Einstein's field equations, describing the exterior gravitational field of a nonrotating spherical mass [43] . In view of the extreme nonlinearity of the equations, it appeared almost as a miracle that exact solutions exist at all.
The administrative buildings of the Academy (in the summer of 1946 reopened as "German Academy of Sciences") and of the Berlin university happened to be situated in the Eastern part of the divided city of Berlin, thus the Academy worked under the influence of the Soviet Military Administration and later the East German government.
Other scientific institutions such as institutes of the former Kaiser-Wilhelm society in Berlin-Dahlem and the 1948 founded Free University, also there, did belong to West Berlin, the sphere of influence of the Western Allies. The borders between the two parts of Berlin were open until 1961, allowing at least some personal contact between scientists of both sides. The director of the Academy since November 1946 was Josef Naas, a mathematician and member of the communist party, who was sent to a concentration camp in the time of the Nazi regime. He and other officials of the Academy were interested in a continuation of research on Einstein's path at this traditional place. In 1952 Achilles Papapetrou, a Greek scientist at the Physics Department of the University of Manchester, was invited as Senior Researcher to the Academy's Research Institute for Mathematics, headed by Naas. Papapetrou had started his academic career in solid state theory in the German town Stuttgart (thus he had a fluent knowledge of German), but he was known in the scientific community for his excellent work in relativity as well. The astrophysicists of the Academy planned further tests of Einstein's theory by astronomical means. Walter Grotrian, who now headed the Academy's Astrophysical Observatory at Potsdam, organized in collaboration with Finley-Freundlich (at St Andrews, Scotland) and with Papapetrou's and even Einstein's § advice a campaign to observe the total Solar eclipse on June 30, 1954 from the Svedish islandÖland. As for many earlier expeditions, cloudy sky prevented any observation.
Apparently, these efforts stimulated Papapetrou's research interests. Already his latest papers in Manchester were concerned with the derivation of equations of motion for spinning test particles from the conservation law T µν ;ν = 0 [36] , [37] . Removing the restriction to test bodies leads to the question how the gravitational field of a single spinning mass would look. For the nonrotating spherical point mass Schwarzschild had given the answer, but the spinning counterpart was still an open question, at least as far as an exact solution was concerned. Solving this problem was of principle interest for tests of General Relativity in the Solar system with the rotating Sun and planets, no matter how small the effects of rotation would turn out finally.
Problems of this type had already attracted several theoreticians. As early as 1918 J. Lense and H. Thirring in Vienna had calculated the exterior gravitational field of a rotating sphere, describing the influence of rotation as linear perturbation to the Schwarzschild metric [34] . R. Bach [5] continued the Lense-Thirring calculation by adding terms which are quadratic in the rotation velocity. In 1924 K. Lanczos published a simple exact solution of the matter field equations for uniformly rotating dust [32] . The matter density in his model has a minimum on the rotation axis and increases exponentially with the coordinate distance from the axis, thus compensating the increasing centrifugal forces by an increased gravitational attraction. Later papers by W.R. Andress [3] and E.S. Akeley [1, 2] were mainly concerned with approximation methods for axisymmetric stationary fields. The first exact solutions of the vacuum field equations within this class of fields were found by T. Lewis and published in an important paper in 1932 [35] . A few years later W.J. Van Stockum [45] derived the gravitational field of an infinite rotating cylinder of dust particles and used one of the Lewis solutions to fit this interior field to an exterior vacuum field. A different class of exact vacuum solution of the Lewis equations was given by Papapetrou soon after he arrived in Berlin [38] . Exact solutions including time-independent gravitational fields were also systematically studied by Pascual Jordan's research group at Hamburg university, mainly by J. Ehlers, W. Kundt and E. Schücking [26] , [15] . § An exchange of letters between Naas and Einstein from November 1951 deals with the scientific chances of such a campaign [18] .
However, no exact solution discovered so far could be considered as the gravitational field of a rotating nearly spherical mass. All of them had either singularities on the axis interpreted as violation of the vacuum equations and presence of a line distribution of rotating matter or, as in Papapetrou's 1953 solutions [38] , had angular momentum but zero total mass, as measured by the corresponding terms in an asymptotic expansion of the metric.
From a geometrical point of view, these vacuum solutions did belong to a class of metrics, which were later shown by Papapetrou [40] as invariantly characterized by the existence of two commuting Killing fields ξ ρ (timelike) and η ρ (spacelike with closed orbits), which admit 2-spaces orthogonal to the group orbits. Usually this class of (vacuum) solutions is called the Lewis-Papapetrou class -also the Kerr metric belongs to this class.
The author, who had a background in astrophysics from Schwarzschild's Potsdam Observatory, entered Papapetrou's small research group in the mathematics institute in May 1959. I enjoyed the stimulating atmosphere with regular guests from East German universities and international visitors like Marie-Antoinette Tonnelat from Paris and Felix Pirani from London. My first duty was to solve a problem in Einstein's field theory with the asymmetric metric tensor. Having stood this test [13] , not without help by Papapetrou, he considered me as being able to treat a more complicated problem. "Find the gravitational field of a rotating point mass as a suitable generalization of the Schwarzschild metric" was his suggestion in the late autumn of 1959. Unfortunately for the project, Papapetrou was invited to visit the Institute Henri Poincaré in Paris for one year. He left Berlin early in 1960, thus his valuable advice and encouragement was missed. After all, communication in that time without electronic mail was mainly confined to sending yellow post letters occasionally.
In the next sections this old attempt to tackle the problem is described. In the final section I return to the further history of the Kerr field.
Lewis equations and their generalization
The immense literature on stationary axisymmetric gravitational fields known today [44] did not exist in 1959, apart from the three basic papers by Lewis, van Stockum and Papapetrou. To these papers one should have added Jürgen Ehlers' 1957 thesis on exact solutions [16] , but I was only later aware of this work. At some time I had access to the useful Jordan report [26] , which summarized the research of the Hamburg group and included a chapter on stationary gravitational fields. Apart from these papers, the whole field was unexplored territory.
The most influential paper was that of T. Lewis [35] . He wrote the line element without further explanation essentially as (the notation is taken from Papapetrou [38] )
where all functions µ, l, m and f depend only on the two coordinates x 1 , x 2 . As shown by Lewis, with his metric the vacuum field equations R µν = 0 have a clear structure and admit a straightforward integration procedure: One obtains a set of three coupled nonlinear partial differential equations in two dimensions involving only the three functions f, l, m. Further equations allow to determine the remaining function µ by simple integration, provided a solution f, l, m is given. Lewis and Papapetrou had found special classes of solutions, but not yet one which was singular only along a single worldline and had a specific asymptotic behaviour, tending to Minkowski spacetime at spatial infinity.
I began to treat the problem in a systematic way. As it turned out, this was not the best method. The first question was: Is the form of the metric tensor assumed by Lewis already general enough to describe that axisymmetric vacuum field, which we wanted to find? Actually Lewis served well, but this could not be known beforehand.
We had always assumed the metric field to admit two commuting Killing vectors ξ ρ (timelike) and η ρ (spacelike, at least near the axis), thus ξ
One should also have asked if this assumption of an Abelian isometry group G 2 is perhaps a restriction for the problem. I do not remember our arguments for adopting commutativity (apart from Ockham's razor). Ten years later Brandon Carter [11] proved that the commutativity assumption means no loss of generality: Axisymmetric stationary fields which become asymptotically flat have commuting Killing fields. More recently Alan Barnes [6] noted that the Abelian character of G 2 follows in a simple manner from the fact that the orbits of η ρ should be topologically circles. In any case, writing down normal forms for the metric in the case of a non-Abelian G 2 would have convinced us that the running coordinate along the orbits of η ρ could not be a cyclic one.
Then, asssuming an Abelian G 2 , it was easy to see that one can introduce new coordinates by requiring
, such that the metric depends only on the coordinates x 1 , x 2 . This special coordinate form for the Killing fields is left invariant by coordinate transformations of the typē
apart from linear transformations of x 3 , x 0 ;x 1 ,x 2 are invertible and p, q arbitrary functions of x 1 , x 2 . The question was now: Is it possible to reduce the general axisymmetric stationary vacuum field to the Lewis form by means of these transformations? To my surprise, the answer turned out to be no, not in general. I tried several ways to simplify the metric. Successful was a sort of covariant reduction, where the field equations are written as three-dimensional and in a second step as two-dimensional covariant relations. Methods of this type are described in the Jordan report [26] and also in the Landau-Lifschitz volume "Field Theory" [33] , which I just translated at that time from Russian into German. In the first step the metric tensor g µν was split into
where
, the stroke denotes the covariant derivative with repect to the 3-metric γ ik and indices are muved using γ ik . If (5) holds, the quantity
constructed with the three-dimensional totally antisymmetric Levi-Civita tensor E ikl , must be a gradient ψ ,l . Solving for κ ik resulted in
The condition that κ ik is a rotation, requires that ψ satisfies the field equation
The other field equations R 0 0 = 0 and
In a second step, the 3-metric γ ik was split into two-dimensional covariant quantities (capital indices always take values 1,2 in this article):
The 3-tensor equation (9) split into a scalar, vector and tensor equation in two dimensions:
Here
and the double stroke denotes the covariant derivative with respect to the Christoffel affinity formed with the 2-metric ǫ AB (indices are moved using ǫ AB ). Using the coordinate transformations (2), I assumed that the 2-metric can be transformed into a conformally flat metric:
The equations (12) now became explicitly
The integration gave
with k as integration constant. The relations (15) and (17) simplified the field equations considerably. The two equations (7) and (8) became
where the differential operator ∆ is the Laplacian in two dimensions, ∆ =
, and the Lewis bracket is defined as
Similarly, (11) is a differential equation for W :
The remaining equations (13) were
For the function R = V W one derives the simple relation
Apparently, Lewis was not general enough. The field equations (18,19,21-25) differ from the Lewis equations through the occurence of an integration constant k, complicating Lewis' integration scheme (note however, µ ,1 and µ ,2 as calculated from (23,24) still satisfy µ ,1,2 = µ ,2,1 as well as (22) in virtue of the other equations, even if k = 0). The complication was not the only problem. I had also carried out the reduction process inversely, splitting the metric first with regard to η µ and then to ξ µ . This introduced a different set of equations with a new constantk. But neither set could represent the full system of vacuum equations in the Abelian G 2 case, since both constants k,k are expected to occur. The reason why the derivation given above missedk is an implicit assumption made in the calculation of (7)- (9) , that the potential ψ like all other functions does not depend on x 3 , i.e. L η ψ = 0. Yet the condition L η ψ = −2k = 0 is compatible with the Killing symmetries for the metric and leads to the complete system of vacuum field equations in the presence of two commuting Killing fields.
Today one recognizes that the constants k andk are essentially the twist scalars associated with the two Killing vectors η µ , ξ µ :
We know that k andk are constants if the vacuum equations hold, more generally, they are constants if and only if the conditions
are satisfied [44] , [47] .
Little is known about the existence of solutions of the generalized Lewis equations. Apparently even today no vacuum solution is known (cf. [44] , see however [20] ). R. Geroch has shown that for k,k = 0 his method of generating new vacuum solutions from given ones breaks down in the sense that the presence of Killing fields is not preserved [23] , [22] . I believe, Papapetrou was not happy with the extension of the Lewis equations. Indeed, his intuition turned out to be correct. He showed in a remarkable paper six years later [41] , that the twist scalars must vanish, restoring the Lewis equations for our problem. The geometrical background of this result became clear in papers by W. Kundt and M. Trümper [31] and by B. Carter [10] : While the orbits of the two Killing vectors ξ µ , η µ are always two-surface forming, the two-surface elements orthogonal to the group orbits do not fit to finite surfaces for non-vanishing twist scalars. The Lewis block diagonal form of the metric is just equivalent to "orthogonal transitivity", to the existence of two-surfaces orthogonal to the group surfaces.
Papapetrou's 1966 result could have been found already in 1960, had the boundary conditions on the symmetry axis been analyzed: We had fairly precise ideas for the behaviour of the metric at spatial infinity, but did not consider the axis, since here unknown singularities were expected. However, for a rotating localized mass the metric on part of the axis outside the body must be regular. The existence of a (at least partly) regular axis means that the cyclic Killing vector η µ vanishes there (for a recent careful discussion of the axis conditions in axisymmetric spacetimes see, e.g., [42] ). Since our coordinates were restricted such that η µ = δ µ 0 everywhere, they must be singular on the axis. A look at (26) with the rhs now written in regular coordinates shows immediately that on the axis (and, since k,k are constants, everywhere) k =k = 0. If vacuum solutions with k,k = 0 exist, they would carry singularities on the whole symmetry axis and could not represent the exterior gravitational field of a compact body. But this was not recognized in 1960.
Lewis-Papapetrou class of vacuum fields
After wasting some time with a fruitless study of the extended equations, I returned to Lewis. Letting k = 0 in (25) gives ∆R = 0, thus R is a harmonic function. Provided R is not a constant, this allowed to introduce canonical coordinates ρ = R and eliminated W = ρ/V in all equations. The basic system consisted now of only two coupled nonlinear partial differential equations for the two potentials ψ(ρ, z) and V (ρ, z), depending on the two cylindrical coordinates x 1 = ρ, x 2 = z:
One was faced with the problem to find exact solutions of this system with a prescribed behaviour at spatial infinity. Lewis and Papapetrou had derived equivalent systems of equations for a different set of field quantities. No systematic integration theory was known for either system. The interesting mathematical properties of (28, 29) as a completely integrable system were unknown at that time. To find solutions at all, Lewis and Papapetrou had to make special ad-hoc assumptions for their potentials.
Could similar assumptions be tried for the system (28,29)? Some suggestions came from an article by B. Kent Harrison, just published in the December 1959 issue of Physical Review [24] . He presented many exact solutions of the vacuum field equations, obtained with heuristic methods such as separation of variables. The hope was that some of these techniques, perhaps in combination, would work also here. To have greater flexibility, I first transformed the system (28), (29) into a more general form, by substituting
assuming the ψ, V are at least twice differentiable functions of X A , with nonvanishing functional determinant
Then the inverse functions X A = X A (ψ, V ) exist. Introducing (30) into (28), (29), one obtains equations of the type (summation convention for repeated indices)
where the six quantities λ A BC = λ A CB are functions of the new independent field quantities X A . I observed that equation (32) is invariant with respect to substitutions
provided the λ A BC transform as an affine connection (considering the X A as independent variables):λ
Was there any hope to reduce (28, 29) to linear equations using a suitable nonlinear transformation (33) ? A necessary condition is the vanishing of the Ricci tensor
, formed with the λ-connection in the twodimensional space of potentials (X 1 , X 2 ). A short calculation had shown that already R 11 = −3/V 2 is nonzero, the nonlinearity could not be removed. The simple potential space formalism allowed to anwer also other questions. The integration idea was to try heuristic methods for other potentials, if the original set (V, ψ) failed. At least for Papapetrou's basic assumption in [38] this hope had to be given up. In my notation his condition is
This relation is invariant with respect to arbitrary coordinate transformations x ′A = x ′A (x B ), but it is also invariant with respect to arbitrary substitutions (33) of the potentials. Thus choosing other potentials does not increase the chance to find solutions beyond the special Papapetrou class. Another heuristic assumption, introduced by Lewis for a pair of his variables, was X 1 = p(X 2 ), a functional relationship between two potentials. It is seen that (35) is satisfied in this case, hence also this restriction leads only to solutions within the special Papapetrou class.
An important restriction for the solutions is the proper behaviour at spatial infinity, assumed as (r = ρ 2 + z 2 )
for the Papapetrou functions f, l, m, where λ is proportional to the angular momentum ("strong boundary condition"). For the potential ψ this transforms to ψ → λz/(2r 3 ). The strong boundary condition ensures that the metric tends to the Minkowski spacetime at spatial infinity r → ∞, it also provides finite values for the total angular momentum [14] . Unfortunately, metrics of the special Papapetrou class which satisfy the strong boundary condition have zero total mass or energy, this follows immediately from an 1/r expansion of (28, 29) and (35).
Sample solutions
Vacuum metrics with V W = const did not allow canonical coordinates, but satisfy simple equations. One obtains from (18,19,21-25) with k = 0 the compatible set
(ǫ 2 = 1). ψ and µ are harmonic functions, their singularities had to be considered as resulting from a singular matter distribution.
It seems obvious here to interpret x 1 , x 2 as quasi-Cartesian coordinates in a plane orthogonal to the x 3 -axis. The Killing vector η µ then represents a translational symmetry along the x 3 -axis. The simplest solutions have a singularity at the origin of x 1 , x 2 and were believed to describe the exterior gravitational field of an infinite rotating cylinder along the x 3 -axis. But such fields had nothing to do with the gravitational field of a rotating point mass. Later R.B. Hoffman discussed this class of stationary fields [25] .
Harrison's separation technique as applied to (32) was my main working tool. Similar methods are still used today [21] . In principle, this technique can be applied not only to transformed potentials but also in the case of transformed coordinates. Thus I filled many sheets of paper with formulae of that type, too often stopping the calculation once it became clear that the required strong boundary conditions could not be satisfied.
For example, in the case of quasi-spherical coordinates ρ = r sin θ, z = r cos θ one has with f = V
Separation assumptions led to a number of subcases. In the case where both ψ and f depend only on the radial coordinate r, (38) gives ψ ,r = cf 2 /r 2 , c = const. Introducing this into (39) leads to an equation for f alone:
The solutions are
The three integration constants α, β, γ (c = β/(2α)) are not independent, requiring lim g 00 → −1f or r → ∞ gives α = Cosγ.
Also the equations for µ can be integrated, the further non-vanishing components of the metric are
Expansion of g 00 in reciprocal powers of r shows that 2M = β Tanγ is the coefficient of the 1/r-term. Several arguments suggest that M is the total energy of the field. In 1960 I used pseudotensors derived from the Lagrange density of the gravitational field according to Noether's procedure [14] , but one obtains the same result with the ADM mass formula [4] . Again however, this was clearly not the solution we had looked for, since the boundary conditions at spatial infinity are not satisfied for the nondiagonal term, ψ does not vanish but tends to the constant −αTanγ/2 at spatial infinity. Thus the total angular momentum [14] diverges. Since ψ, V depend on r only, a short look shows that (35) is satisfied, thus the solution belongs to the special Papapetrou class. The metric has nonzero total energy only because the strong boundary conditions are violated.
It was time consuming and unsatisfactory to search for solutions with the rather simple trial-and-error methods at hand. According to my 1960 notebook, I was impressed by Buchdahl's procedure to obtain new stationary solutions from a given static or stationary vacuum field. Later many successful recipes were developed to realize this idea of solution generation [27] , [44] , starting from the pioneering papers by Buchdahl [8] , [9] and by Ehlers [17] . This has finally opened the door to the solution space.
Any chance in 1960?
But still I did not give up. On March 6, 1960 Needless to say, I had no luck with the recipe proposed under item 5). But the recipe itself -looking for suitable coordinates in the x 1 -x 2 -space -was indeed a route to the Holy Grail, the rotating Schwarzschild field: Transforming the cylindrical coordinates ρ, z into some kind of radial and angular coordinates r, θ by means of
as done by F.J. Ernst [19] after Kerr's discovery, leads to the Kerr solution with the potentials
This looks simple indeed. But how could one have figured out the coordinate transformation (46) in 1960? There exist other coordinates in which the Kerr functions appear fairly simple, e.g. spheroidal prolate coordinates [7] . To find them by trial-anderror would not have been easy, but it was not impossible, given sufficient diligence and persistence.
In 1968 F.J. Ernst also found that the complex combination E = V 2 + 2iψ satisfies an elegant differential equation [19] , easily derivable from (28, 29) , which has dominated the research on stationary axisymmetric gravitational fields since that time. The Kerr solution of the complex Ernst equation has the simple form E = 1 − 2M/(r − ia cos θ) in the coordinates r, θ given by (46) . The related function ξ = (1 + E)/(1 − E) (essentially a potential transformation as discussed above) satisfies a similar differential equation. Kerr is then represented by ξ = r/M − ia cos θ/1 − 1. Evidently, this is now even an almost trivial solution of the differential equation for ξ. A solution could hardly be simpler.
It is satisfying that both concepts, coordinate transformation in x 1 -x 2 -space and potential transformation, were finally so successful, thanks to the efforts by F.J. Ernst.
The winner is Kerr
The slow progress as well as Papapetrou's absence from Berlin rapidly diminished the amount of time I spent in 1960 for the rotating Schwarzschild problem. During the year I became interested in many other questions of gravitation. Not being guided by my boss, I worked on boundary conditions, surface layers, shock waves and other problems of gravitational radiation. In particular, the characteristic initial value problem for the Einstein field equations was a very interesting topic, since here one could handle the two intrinsic degrees of freedom of the gravitational field rather directly. When Papapetrou returned from Paris in the beginning of 1961, I confronted him with new ideas about these perhaps more actual problems. There was a rumour that Bondi and his group in London were working on similar questions. The problem of stationary fields was forgotten for the present, at least for me.
In the meantime the political situation had changed for the worse. There was the danger that Papapetrou's position as prominent scientist in a communist country could lead to problems for his relatives in Greece. The Cold War was present everywhere, particularly in the divided city of Berlin, whose borders were still open. A steadily increasing number of East Germans escaped to the West. Suddenly, on August 13, 1961 , the borders were closed by the communist authorities. Quite unexpectedly, the Berlin Wall was built, cutting off the free Western part of Berlin from the surrounding East German territory. For Papapetrou and his wife the year in Paris was so pleasing compared with the difficult situation in East Berlin, that they decided -weeks before the borders were closed -to stay permanently in Paris. Not being citizens of the East German state, they were allowed to go.
This was unpleasent news. I had to finish my PhD thesis on wave solutions and the characteristic initial value problem sufficiently early in 1961 that Papapetrou could act as adviser, before he finally left East Berlin at the end of the year. Apparently, no time was left to discuss rotating metrics in depth.
While I did not seriously return to the spinning body, Papapetrou never forgot the problem. In at least two papers [39] , [40] he further explored the properties of axisymmetric metrics and found a new subclass of solutions. However, also these metrics did not satisfy the required boundary conditions at infinity.
Also other groups had no luck. In their well-known survey on exact solutions published in the legendary Witten volume in 1962, J. Ehlers and W. Kundt had to admit that "the old problem of constructing rigorously the field of a finite rotating body Kerr's paper of 1963 is a masterpiece of clarity and conciseness and, as Chandrasekhar noted, is "surprisingly complete in enumerating the essential features of the solution" [12] . It has only one deficiency, it gives few hints how the solution was derived. When Wolfgang Kundt came to East Berlin in the spring of 1964 for a visit, we discussed Kerr's metric, but found it hard to verify that it is indeed a solution of the vacuum equations. Many of our colleagues had the same problem.
Summarizing, one can shortly answer why the pre-Kerr approaches failed: We had the adequate differential equations, essentially identical to the Ernst equation split into real and imaginary parts. Yet the group-theoretical properties of the solutions were not recognized, and thus no proper key to the unexpectedly large solution space was found.
Kerr's new way circumvented the problem by a restriction to algebraically special metrics from the beginning, a condition which could not easily be expressed in the formalism we had used. In spite of more complicated equations he finally brilliantly succeeded, not least because of his persistence.
